New experiments designed to discover a weakly interacting dark matter (DM) particle via spin dependent scattering can distinguish models of electroweak symmetry breaking. The plane of spin dependent versus spin independent DM scattering cross sections is a powerful model diagnostic.
I. INTRODUCTION
The nature of the dark matter (DM) that comprises about 23% of the energy density of the Universe is unknown and a large experimental effort is devoted to its explication.
The premise is that dark matter is a stable elementary particle. The large scale structure of the Universe excludes hot dark matter as the primary DM component. There are a number cold and warm dark matter particle candidates, many of which are well motivated by theoretical models of TeV scale physics. For recent reviews see Refs. [1, 2, 3, 4, 5] .
Some DM candidates (e.g. axino, heavy gravitino, keV sterile neutrino) may have only cosmological consequences. The axion, which can solve the strong CP problem, may be detectable from their conversion by photons in a strong magnetic field. The DM particle of models with a conserved discrete symmetry (e.g. the stable particle of supersymmetry with a conserved R-parity) can have rich consequences for collider experiments, direct detection experiments (the elastic scattering of DM particles on nuclei), and astrophysical experiments (via the detection of gamma rays, positrons, antiprotons, antideuterons, or neutrinos from dark matter annihilations in the galatic halo or the center of the Sun). A weak scale cross section can naturally lead to a dark matter density of the requisite value to explain the WMAP determination [6] . Our interest here is in the tests of weakly interacting massive particles (WIMP) models via their elastic scattering on nuclei.
In WIMP models a discrete symmetry exists that makes the DM candidate stable. In the minimal supersymmetric standard model (MSSM), the DM particle is the lightest neutralino, a spin 1/2 Majorana particle. In a non-SUSY context, a heavy Dirac fermion can be a viable DM candidate [7, 8, 9] . Models such as Minimal Universal Extra Dimensions [10, 11, 12, 13, 14, 15, 16, 17, 18, 19] incorporate a Kaluza-Klein (KK) parity which keeps the lightest KK particle stable. Here, the DM particle is spin-1. In the Littlest Higgs model solution to the gauge hierarchy problem, a discrete T -parity ensures that a spin-1 particle is stable [20, 21] . Scalar DM, with a spin-0 field can be a consequence of singlet Higgs field extensions of the Standard Model which have been explored in a number of works [7, 8, 22, 23, 24, 25, 26] and a model with two extra dimensions [27] . There are a variety of other models with a DM particle that we do not specifically consider here, see e.g. [28, 29, 30, 31, 32] SI scattering occurs though Higgs exchange and thus may well be much smaller than SD scattering which occurs through Z-exchange 1 . The calculation of the SI cross section has substantial uncertainties from the estimate of the Higgs coupling to strange quarks [33, 34] .
The first WIMP searches focused on spin-independent (SI) scattering on a nucleus and have placed limits approaching 10 −8 pb. The SI experiments are designed to detect the coherent recoil of the nucleus caused by the DM scattering. For a heavy nuclear target, the coherent scattering increases the cross-section by the square of the Atomic Number. The best current limits on SI scattering have been placed by the CDMS 5 tower [35] experiment and the XENON10 experiment [36] . The CDMS upper bound on the WIMP nucleon cross section is 4.6 × 10 −8 pb for a WIMP mass ∼ 60 GeV. The XENON10 bound is 4.5 × 10 −8 pb for a WIMP mass of ∼ 30 GeV and 8.8 × 10 −8 pb for a WIMP mass of ∼ 60 GeV.
The present SI experiments have detector masses of order 10 kg. The next generation experiments will have about 100 kg mass. Detectors with 1000 Kg (1T) size are under design. The XENON100 experiment is expected to reach a SI cross section sensitivity of 10 −9 pb for a 100 GeV WIMP [37] . The LUX experiment, with a 100 kg xenon detector, expects to reach 4 × 10 −10 pb at M DM ∼ 40 GeV [38] . The ultimate goal of XENON1T is sensitivity to a SI cross section of 10 −10 pb. One ton Liquid Argon detectors promise competitive sensitivities [39, 40, 41] .
The SD cross-section occurs through the axial vector coupling to the spin content of the nucleus; there is a J(J + 1) enhancement from the nuclear spin J. Until recently, the SD cross section limits had been about 6 orders of magnitude weaker than for SI, with the best bound from ZEPLIN-II at 0.07 pb for a DM particle of mass ∼ 50 GeV scattering on neutrons [42] . The NAIAD, COUPP, and KIMS experiments had placed upper bounds on the cross section for SD scattering of dark matter on protons of 0.5 pb, 0.3 pb and 0.2 pb, respectively, for a DM mass of order 100 GeV [43, 44, 45] . The SuperKamiokande (SK) search for neutrinos from DM annihilations in the Sun placed a stronger limit, albeit model dependent, on the SD cross section; converting the SK neutrino flux limit requires assumptions about the DM mass and the cross section for DM annihilation to neutrinos. For a DM mass of order 100 GeV the SK limits on the SI and SD cross sections are of order 10
and 0.6 × 10 −2 pb, respectively [46, 47] . Liquid Xenon has about 50 percent odd isotopes which allows a measurement of SD scattering. New SD limits have been reported by the XENON10 experiment of 0.5 × 10 −2 pb for scattering on protons and 0.5 pb for scattering on neutrons at a WIMP mass of ∼ 30 GeV [48] . Models generally predict the same cross section for scattering on protons and on neutrons, so the most restrictive of the two can be imposed in constraining models.
New techniques with bubble technologies offer great promise for exploring much smaller SD cross sections in future experiments. The Picasso experiment in SNOLAB uses a superheated liquid in a gel. Its current proton-WIMP SD cross section bound is of order 1 pb [49] . In a future third stage of this experiment, with a 100 kg detector, sensitivity for SD scattering down to 10 −4 pb is anticipated. The COUPP experiment [44, 50] 
where ρ local and v local are the local density and velocity of relic dark matter, respectively.
Present limits on the SI and SD scattering cross section on nuclei strongly suggest that an observation of these neutrinos from the Sun would only result from SD capture of WIMPS by hydrogen in the Sun. To calculate the expected signal rates, we closely follow the approach of Ref. [56] .
Recently, the DAMA/LIBRA experiment and the predecessor DAMA/NaI experiment have reported a combined 8.2σ evidence for an annual modulation signature for DM particles in the galactic halo [58] . The implied SI cross section would be about 10 −6 pb. A possible way to reconcile the tension with other more restrictive bounds from other experiments is that DAMA is not detecting nuclear recoils, but electromagnetic energy deposition from axion-like interactions in the detector. For now, we set aside this interesting experimental development and focus on nuclear recoil detection of DM.
Our study is devoted to the analysis of what can be learned from the combined measurements of SI and SD processes, which can provide a powerful diagnostic in differentiating models. We specifically detail representative predictions of mSUGRA 2 , singlet extensions of the SM and the MSSM, a new Dirac neutrino, Littlest Higgs with T -parity, and Minimal
Universal Extra Dimensions models (mUED). We assume that the DM particle is in thermal equilibrium in the early universe and we impose the requirement that the relic density of DM reproduces the measured WMAP density within ±10%.
We also present general formulas for SI and SD cross sections for the scattering of WIMPS of intrinsic spin 0, 1/2, 1, and 3/2.
The organization of the paper is as follows. In section II, we outline the scan proceedure while in section III we elucidate the DM scattering predictions of representative models that provide a WIMP candidate and detail how the models could be distinguished by measurement of SI and SD scattering. Then we proceed, in section VI, to a model independent analysis of DM scattering for DM particles of arbitrary spin. Finally, we summarize the results of our study in section VII.
II. SCAN TECHNIQUE
To arrive at the model predictions, we use a Markov Chain Monte Carlo (MCMC) approach that is based on the Bayesian methods to scan over the relevant model parameters.
With a MCMC, a random point, x i in parameter space is chosen with a likelihood, L i , assigned to it based on the associated model predictions such as the DM scattering cross sections and relic density. We then choose another random point, x i+1 , and compare its likelihood with the previous point in the chain. If the likelihoods satisfy
where ζ is chosen from a uniform distribution on the unit interval, the point x i+1 is accepted and appended to the chain, otherwise a copy of x i is appended to the chain.
2 Recently, efforts have been made to distinguish specific areas of mSUGRA parameter space that yield similar collider signatures using measurements from direct detection experiments [59] .
The power of the MCMC approach is that in the limit of large chain length, the distribution of points, x i approach the posterior distribution of model parameters for the constraining data. The speed at which the parameter space is scanned by MCMC is generally faster than traditional random or grid scans, with the difference in speed between the two methods increasing with larger parameter dimension.
We construct the likelihood from observables which have a central value, µ j , with uncertainty, σ j , through the corresponding χ 2 value
where d ij is the model prediction for the j th observable of the constrained data based on the parameters in the chain x i . To impose exclusion limits, we follow the approach of Ref. [60] .
To construct the posterior distribution, we obtain the covariance matrix among the relevant parameters of the first 200 unique links in the MCMC chain and discard them as a "burn-in". We define the ranges over which the parameters are allowed to vary later in Section III for each model. We use this distribution information to construct more efficient chain proposals for subsequent links in the new chain as outlined in Ref. [61] .
Convergence of the chain is tested using the method of Raferty and Lewis [62, 63, 64] . In checking that the chain has converged, we require that the posterior distribution is within 2% of the 95% quantile with 95% C.L. This typically results in a few thousand unique links in the chain. We then double check convergence using the method of Ref. [65] . For more extensive reviews of this type of approach to parameter estimation, see Refs. [60, 61, 65, 66] .
III. PREDICTIONS OF MODELS FOR DM SCATTERING
The measured DM density from the WMAP5 analysis of cosmological data (cosmic microwave background radiation data combined with distance measurements from Type Ia supernovae and baryon acoustic oscillations in the distribution of galaxies) [6] is
We scan over the parameters of models with the constraint that the models give this relic density within ±10% assigned uncertainty associated with combined galactic and particle physics uncertainties. We separately consider model parameters that give a DM density below the measured value to allow for the possibility that there may be more than one contributing DM particle. give values of the relic density at or below the WMAP value. These are:
• Focus Point Region (FP) [74, 75, 76] (±8%) for Mg in the range of 700 to 1300 GeV [77] . The FP region falls into a more general class of neutralino models which are termed "Well-tempered Neutralinos" in which the lightest neutralino is a Bino-Wino or Bino-Higgsino mixture [78, 79] .
• • Coannihilation Regions (CA): The neutralino-stau co-annihilation region occurs at very low m 0 but any m 1/2 values, so that Ml ∼ M χ 0
1
, and neutralinos can annihilate against tau sleptons [85, 86] in the early universe. For certain A 0 values which dial mt 1 to very low values, there also exists a stop-neutralino co-annihilation region [87] .
• Bulk Region (BR): The bulk region is at low m 0 and low m 1/2 , where neutralino annihilation is enhanced by light t-channel slepton exchange [81, 84] . The WMAP determination of the relic density has pushed this allowed region to very small m 0 and m 1/2 values, while LEP2 limits on M χ
and m h exclude these same low values so that the bulk region is disfavored [88, 89, 90] . When we allow the trilinear parameter, A 0 , and tan β to vary, as well as the input value of the top quark mass m t , we arrive at a broader range of parameter values that reproduce the DM density. In our analysis, we allow the MCMC to scan within the parameter ranges
We allow a gaussian variation of the top quark mass around its central value of m t = 170.9
GeV with a standard deviation of 1.8 GeV [92] . The marginalization over the "nuisance parameters" allows the uncertainty of the input parameters to be reflected in the posterior distributions of the model parameters. In mSUGRA, the top quark mass variation strongly affects the running from the GUT scale to the weak scale. Therefore, through its variation, the top mass uncertainty expands the parameter ranges that are consistent with the observed relic density compared to results obtained by fixing the top mass as is often done in such studies. The resulting distribution of the common scalar and gaugino masses (m 0 , m 1/2 ) is shown in Fig. 2 .
In general the neutralino composition in terms of the gaugino (B,W 3 ) and Higgsino (H 1 ,H 2 ) states is given by
The spin dependent scattering cross section is largely governed by Z-boson exchange and is sensitive to the Higgsino asymmetry
The FP region is unique among the mSUGRA regions that reproduce the relic density in having a large Higgsino asymmetry and a correspondingly large σ SD
The SD and SI scattering cross sections in mSUGRA are displayed in Fig. 3 , where it is apparent that different solutions to the DM relic density populate different regions of σ SD versus σ SI . The limit of current DM recoil experiments is strongest in the mass range
GeV. In all subsequent σ SI vs. σ SD results, we present the current or projected best limit of the recoil experiments. The use of σ SD /σ SI to distinguish mSUGRA regions has also been advocated previously, see e.g. Ref. [93] . However, it should be noted that the experimental limits are progressively less constraining at higher and lower M DM than the best limits. The FP region with its relatively large σ SD can be definitively tested by SD, SI measurements. DM detection corresponding to the FP region would have major significance for colliders in that high mass sfermions would be implied. Similar to the spin-0 DM case, detection of SD scattering of DM would immediately rule out a model with a gaugino dominated neutralino [94] which predicts a vanishingly small SD cross section. Only the low neutralino mass FP region is constrained by the Super-K limit.
The Super-Kamiokande experimental upper bound on the induced muon flux is 5 × 10 [47] , and is shown by the horizontal line in Fig. 4 . This bound only eliminates only a small fraction of the FP parameter space.
B. Singlet Higgs Extensions of the MSSM
The motivation for appending a singlet Higgs field S to the MSSM is to explain why the Higgsino mixing parameter µ in the superpotential
is at the TeV scale. The dynamical µ solution is to let the µ parameter be generated by a vacuum expectation value of a S of order M SU SY .
Three classes of singlet model extensions xMSSM have been considered [95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106] with additional Higgs-sector superpotential terms as follows:
In the xMSSM the spin-0 S field mixes with the neutral Higgs fields of the MSSM; the spin-1/2 singlino fieldS in the composition of the lightest neutralino mixes with the neutralinos of the MSSM. The consequence for DM is that theS component changes the DM couplings and cross sections [100, 104] . We scan over the parameters directly relevant to the DM phenomenology of this model.
Their ranges are chosen to be
where the parameters A λ , t F and t S are defined in Ref. [100] . We also place a minimum cut on the lightest neutralino mass of 10 GeV since the current DM scattering experiments have considerably reduced sensitivity to a DM mass this low. Figure 5 shows the SI and SD cross sections for the nMSSM. The contours show the posterior distributions with the present SI and SD experimental constraints enforced. The SD cross section can be rather large since the dominant annihilation occurs through the Z boson. Therefore, to counter the small annihilation rate in the early universe due to the small neutralino mass, the neutralino pair must have a larger Z boson coupling. The nMSSM predictions of σ SI and σ SD will be largely probed by future experiments, provided that the neutralino mass is not too small. Relaxation of the 10 GeV lower cutoff on the DM mass would be to loosen the prospects of DM detection in this model.
C. Scalar singlet extended SM (xSM)
One of the simplest models that includes a viable DM candidate is a real singlet Higgs extended SM with a discrete Z 2 symmetry [23, 24, 25] . In this model, a stable singlet is appended to the SM and interacts with the SM fields only through the Higgs boson. As a consequence, the relic density and elastic scattering predictions are correlated with the Higgs sector. The potential for a stable singlet Higgs boson, S, is given by
where H is the SU ( δ 2 v 2 , where v = 246 GeV is the SM Higgs VEV. In the MCMC scan, we allow the parameters to vary within the ranges
where the upper limit on the Higgs mass comes from electroweak precision measurements [25] .
Further extensions of this model include making the singlet a complex field [109] or adding right handed neutrinos, which would explain neutrino mass generation when the singlet obtains a VEV [110] . The real singlet Higgs field has also been shown to enhance the first order phase transition of electroweak symmetry breaking that is necessary for electrweak baryogenesis and may reduce the tension between electroweak precision observables [111] and the non-observation of the SM Higgs boson below 114 GeV [25] . Since the DM candidate in the xSM class of models is spin-0, the SD cross section vanishes. If a SD signal is seen, this class of models would be ruled out. The SI cross section is generally small, below ∼ 10 −8 pb as seen in Fig. 6 .
The xSM scenario could be indicated by an observation of a SI cross section of O(10 −9 pb) with next generation detectors and a null result in searches for SD scattering and high energy neutrinos from the Sun in neutrino telescopes.
D. Dirac neutrino DM
A simple DM model can be realized with a stable neutral heavy Dirac fermion [112, 113] . The stability of the heavy neutrino can be guaranteed by imposing baryon number conservation in a warped GUT model. In this model, the heavy neutrino can be O(100 GeV) and annihilate in the early universe via the Z, Z ′ and h bosons. The parameter ranges over which we allow the MCMC to scan are This model has a heavy stable neutrino that annihilates predominantly through Z and Z ′ gauge bosons.
the prospects for a significant signal in IceCube from this DM candidate are still good, as detailed in Section V.
E. Minimal Universal Extra Dimensions
Extra dimension models have gained popularity as a viable beyond the SM alternative [11, 12, 18, 19, 114, 115] . Many types of extra dimensional models have been proposed. Here we focus on the minimal Universal Extra Dimensions model (mUED) [12] . The stability of the DM candidate is ensured by KK-parity, which results from momentum conservation in the extra dimension.
In the mUED model the DM has spin-1; it is the KK partner of hypercharge gauge boson, B 1 . The predictions of the KK particle spectra are mainly determined by one significant parameter, the curvature of the extra dimension, R. Additionally, radiative corrections from the higher KK levels shift the masses of the KK states in the first level. The number of KK levels included in the mass renormalization is given by ΛR, where Λ is the cutoff scale of the model. Many KK states from the first excitation in this model are nearly degenerate with B 1 , requiring inclusion of coannihilation processes in the calculation of DM relic density. After the relic density constraint is imposed, the curvature is found to be about R −1 ∼ 600 − 700
GeV. We allow the MCMC to vary over parameter ranges
where the upper bound on the Higgs mass [19, 116] is from electroweak precision constraints.
The DM scattering cross sections in mUED are displayed in Fig. 8 . This model has a predicted 'sweet spot' of σ SD ∼ O(10 −6 ) pb for which the relic density is reproduced; the σ SI range is considerably dispersed in comparison. The source of this narrow range for the SD cross section is the limit from the relic density on the curvature of the extra dimension.
Since the KK quarks have approximately the same mass as the inverse curvature, the SD cross section is closely tied to the relic density. The SI cross section is more dispersed due to the relatively large variation of the Higgs boson mass. The test of the direct detection predictions of this model may require a 1 Ton detector. However, an observation of a neutrino flux resulting form B 1 annihilations in the Sun is possible: see Section V.
F. Littlest Higgs with T -parity
In Little Higgs models, the Higgs is an approximate Goldstone boson with its mass protected by approximate global symmetries [117, 118, 119, 120] . Additional states are While the Littlest Higgs model protects the Higgs boson mass, it does not satisfy electroweak precision constraints. Large corrections to electroweak observables occur at treelevel. This may be alleviated by imposing a discrete T -parity that interchanges the two copies of SU(2) × U(1) [121, 122, 123] . Once T -parity is introduced (the LHT model), electroweak corrections scale logarithmically with the cutoff scale, Λ ∼ 4πf . We assume that the Wess-Zumino-Witten anomaly [124] does not break T -parity to have a viable DM candidate [125] .
The parameter ranges that we allow for the LHT model are
where the κ, κ l couplings in the Lagrangian (see Eq. 2.14 of Ref. [126] ) determine the masses of the T -odd quarks and leptons masses, respectively. The angle α defines the mixing between the T -even heavy quark and the SM top quark. We require the breaking scale, f , to be below 2 TeV to avoid a reintroduction of the hierarchy problem. In addition, we included the electroweak precision constraints on the oblique parameters given in Ref. [126] and calculated the additional χ 2 contributions associated with these parameters according to Ref. [25] . The electroweak constraints in this model can allow a larger Higgs mass than in the SM, which will result in a suppression of the SI cross section. To satisfy experimental bounds on four-fermi operators, the values of the T -odd masses must satisfy the bound [126] M T −odd GeV 4.8 × 10
Associated with the introduction of T -parity, there is a stable spin-1 DM candidate. All We present the SI and SD cross sections in Fig. 9 . Since SD scattering of the DM heavy photon occurs only via the T -odd quarks, the SD cross section is suppressed. However, the predicted range of the SI cross section is within the projected sensitivities of future one Ton experiments. A modification of the LHT model has been recently proposed that has the DM candidate couple more strongly to the Higgs boson [127] . The coupling enhancement is about a factor of 10 larger than that of the standard LHT model and the model yields a much higher SI cross section. 
IV. DM SCATTERING UNCERTAINTIES
Significant uncertainties on the hadronic matrix elements [33] 
V. EXPECTED SIGNAL RATES AT ICECUBE
High energy neutrinos are expected from the annihilations of DM that accumulated via gravitational capture in the Sun [51, 52, 128, 129] . Neutrino telescopes are well positioned to search for neutrinos of this origin [53] . The IceCube experiment at the South Pole is underway and expects to have about 50,000 events from atmospheric neutrinos in the near future [54, 130] , demonstrating the capabilities of the detector to identify neutrino events.
The basic requirements for a strong signal in km 2 sized neutrino telescopes from DM annihilations in the Sun are as follows:
• A relatively large DM annihilation rate either directly to neutrinos or to SM particles that subsequently decay to high energy neutrinos (gauge bosons, top and bottom quarks, and tau leptons). The latter is generically the case for all the models considered.
• The DM mass exceeds the muon energy threshold of the neutrino telescope, which is essentially eliminates current IceCube tests of the tadpole nMSSM model since the lightest neutralino mass is typically only 20-30 GeV, although in some small, finetuned portions of parameter space, the DM mass may extend above the Z-resonance.
• A sufficiently large SD cross section for neutralino captures (see Eq. 1) to produce a detectable neutrino flux. A SD cross section 10 −4 pb is necessary to yield a neutrino flux that could be observed by IceCube. Models that have either no or a vanishingly small SD cross section have no chance of producing an observable signal in km 2 sized neutrino telescopes. This includes the xSM and the Littlest Higgs with T -parity.
The predictions for IceCube of the models with SD scattering are given in Fig. 11 . The numbers of muon events and the corresponding statistical significances for the models are given for both 3 and 5 years exposure with the full array (50% of the array is now in place).
The calculations follow Ref. [56] . The FP region of mSUGRA bodes well for the detection of these neutrino events; the predictions of the other models are below the 5σ discovery level;
the RHN and mUED models are on the borderline of 3σ detectability.
VI. MODEL INDEPENDENT DM SCATTERING CROSS SECTIONS
In this section we categorize the interactions of DM candidates according to their intrinsic spins and provide generic expressions for the SI and SD cross sections.
A. Self-Conjugate Spin-0
A self-conjugate Spin-0 DM particle, φ, cannot have a SD scattering amplitude at threshold. The generic effective Lagrangian is
The interaction, flipping chirality, is proportional to the quark mass m q . Other forms of the interaction can be reduced to this form by the equation of motion [27] with an emerging mass m q factor. Since the scalar DM candidate is self-conjugate, the vectorial part of the Lagrangian vanishes 5 . The pseudoscalar coupling, which is derivative in nature, is not a leading contribution to the scattering because the scattering amplitude is proportional to the DM velocity. The surviving scalar interaction S is purely SI. For a nucleus target (N)
of Z protons and A − Z neutrons, the accumulated amplitude is proportional to the nucleus factor C N ,
Here the first grouping is the gluonic contributions induced by the heavy quarks c, b, t, and the second grouping is the contributions of the light quarks, where f 
The cross section for the scattering of a scalar dark matter particle on a nucleus target is
The formulas above (and also below) for the cross sections are understood to be valid in the low momentum tranfer limit. A form factor can be included for the finite size of nucleus.
For a proton target m N = m p , and A = Z = 1.
If DM is spinless, there is no amplitude for SD scattering and no amplitude for static DM pair annihilation into a light fermion pair. For this reason, this model predicts no monoenergetic neutrinos [55] from annihilations of DM in the solar core. However secondary neutrinos with energy distributions arising from DM to W W , ZZ, tt etc. are still allowed, as studied in [56] .
B. Dirac Fermion
If the DM particle is a Dirac fermion, the generic interaction is described by vectorial/axial-vector and scalar/pseuodoscalar couplings,
The vector-vector coupling V v q and the scalar-scalar coupling S ψ S q give rise to the spinindependent (SI) low-energy scattering amplitude. For a Dirac dark matter particle ψ, the SI cross section for scattering on a nucleus N is
In this formula we have used valence quark model relations. Note that if the incident DM is an antiparticleψ, the cross section is given by the same expression except that the V term flips sign. Thus, particle ψ and the antiparticleψ would scatter on a nucleus with different cross sections when both vector-vector and scalar-scalar amplitudes exist.
As SI measurements in ψ + N scattering highly constrain the product V v q , we shall neglect v q for simplicity and focus our attention on the possibly much larger SD scattering.
The vectorial part V still plays a dominant role in the DM annihilation but not in the SD ψ + N scattering because its time-component does not match the space-component of the quark axial current. The SD differential cross section can be written as
where J is the angular momentum of the target nucleus. In case of the proton target that is relevant for solar capture of the DM, J = 1 2
. The fractional quark-spin coefficient λ (N ) q is defined in the Appendix. All participating flavors q are summed at the amplitude level. The reduced mass of ψ + N appears as m ψN . A direct search for DM is optimal with a target nucleus of comparable mass to the DM particle and with a large J value. A multiplicative unwritten form factor F (Q 2 ) due to the nucleus size describes the dependence on the squared momentum transfer, Q 2 . The Q 2 dependence may be significant for a large reduced mass.
If the DM couples to the Z boson, the interaction can be written as L ⊃ψγ µ (V +Aγ 5 )ψZ µ .
This effective amplitude can arise from the t-channel exchange of Z with the following
where
, and
Static annihilation of ψψ to a light fermion pair can take place through the vectorial amplitude V . The νν final state is of interest as a source of mono-energetic neutrinos [55] from the core of the Sun. From DM annihilation through a Z boson, or a new gauge boson of a larger gauge group under which DM is charged, the fraction of the DM annihilations to neutrinos can, in principle, be quite large. Models that allow the possibility of Dirac DM include the hidden fermion in the Stueckelberg Z ′ model [112, 132] . Heavy sterile neutrinos also belong this type of model; they constitute warm dark matter and are not considered in our study as we assume the DM velocity is nonrelativistic [133] . dark matter (DM) Majorana fermion, the relevant dynamics is determined by the interaction
There is no vector-vector interaction for the self-conjugate χ field. The SI cross-section is given by the scalar-scalar interaction. The σ SI formula is like what is found in the Dirac case, with V = 0 and an overall factor of (2!) 2 due to two counts of Wick contraction for the Majorana field,
The SD scattering cross section is given by
This result agrees with Eq. (2.26) of Ref. [134] , provided that one is careful in distinguishing the amplitude and the Wilson coefficient.
The annihilation of a pair of Majorana fermions χχ at rest into a neutrino pair is forbidden because of the helicity suppression from the extremely small mass of the neutrino. The same helicity suppression applies to any light fermion pair. The helicity suppression may be lifted, however, if a Z boson is radiated from an internal or external neutrino line [135] . However, this is a very weak process O(b 2 1 α 2 m 2 χ /Λ 4 ) and it would also distort the neutrino line shape considerably. Models that allow this possibility include SUSY [71, 72, 73] , singlet femion DM [136] , and heavy Majorana neutrinos [137] . For a detailed study of neutrino signals from neutralino annihilation in SUSY through intermediate states such as W and Z bosons and top quarks, see Ref. [56] .
D. Spin-1
A spin-1 DM particle is encountered in Universal Extra Dimensions (UED) [10, 11, 12, 13, 14, 15, 17, 18] , Littlest Higgs with T -parity (LHT) [118, 120, 138] , and Randall-Sundrum (RS) models [11] , with an effective lagrangian
The SI cross section has the same form as that of scalar DM,
The SD scattering amplitude B(ǫ i ) + N → B(ǫ f ) + N is given in terms of the incoming (outgoing) polarizations ǫ i (ǫ f ) by the expression
where the factor 2m N links the nonrelativistic convention N|qγγ 5 q|N = 2λ
to the relativistic normalization. The combinatorial factor 2! is due to the self-conjugate B 1 field in the Lagrangian operator. The amplitude simplifies to
The spin-1 matrix is (S k ) ℓj = iǫ ℓkj . Therefore, the amplitude takes the form
Like fermionic DM, the SD operator does not give a static spin-1 DM annihilation amplitude to a fermion pair. However, there are other effective operators, as outlined in the Appendix, that are relevant to fermion final states. Mono-energetic neutrinos can be produced from spin-1 DM annihilation in the solar core.
E. Spin 3 2
For the DM particle that is described by a self-conjugate Rarita-Schwinger field Ψ µ of spin S = 3 2
, like the gravitino G 0 in supergravity (SUGRA), the relevant interaction can be written as
The SI formulas are like those of the spin-
Majorana case.
The SD amplitude in our special case S = 3/2 turns out to have a universal form,
The square is simplified with the use of the identity Tr[S a S b ] = δ ab (2S + 1)S(S + 1)/3 when the spin orientation of S is summed. The spin-averaged square of the elastic SD scattering amplitude is
Averaging over the (2S + 1) spin components, we obtain
With appropriate substitutions, this generic formula agrees with that of the self-conjugate spin-1 case, as well as that of the Majorana spin- A q .
VII. CONCLUSIONS
Both direct detection experiments for DM scattering and LHC experiments can discover a weakly interacting DM particle and reveal its properties. In Section III we showed that the SD versus SI cross section provides an excellent DM diagnostic. We highlighted this by scanning over the parameter space of six Beyond the SM models which supply viable DM candidates: mSUGRA, singlet extended SM and MSSM, a stable Dirac neutrino, Littlest
Higgs with T -parity and Minimal Universal Extra Dimensions. To thoroughly scan the parameter spaces, we adopted the Bayesian method that is the foundation of the Markov Chain
Monte Carlo approach. The DM models can have distinct phenomenological predictions.
We showed that the DM model possibilities can be narrowed by measurements of both SI and SD elastic scattering. The direct signals for DM in recoil and neutrino telescope experiments are complementary to LHC experiments in distinguishing the beyond the standard model physics scenarios [139] .
We summarize below the model predictions for the DM cross sections; the posterior distributions are summarized in Fig. 12 .
• In mSUGRA, the FP region provides the largest SI and SD cross sections. This is due to the mixed Higgsino nature of the lightest neutralino; the neutralino couplings to the Higgs and Z bosons are large. The Bino nature of the lightest neutralino in the CA and AF regions causes these scenarios to have substantially smaller cross sections.
• The tadpole nMSSM model has large SD scattering, of order 10 −3 pb, and a wide range of SI cross section. This is a consequence of the DM annihilation occuring through the Z boson . To counter the small annihilation rate in the early universe (due to the small neutralino mass in the model), the neutralino pair is required to have a larger Z boson coupling, resulting in a large SD cross section. • In the singlet extended SM, the DM candidate is spin-0, which gives a vanishing SD cross section. The SI cross section is generally small, below ∼ 10 −8 pb, and occurs through Higgs boson exchange. If SD scattering of DM is observed, the class of models with spin-0 DM would be immediately excluded as being the sole origin of the DM in the universe.
• For stable Dirac neutrino DM, the Z boson dominates in the calculation of both the relic density and elastic scattering cross section and makes the SI and SD cross sections tightly correlated and large.
• In mUED, a 'sweet spot' of σ SD ∼ O(10 −6 ) pb exists for which the DM relic density is reproduced. The relic density is strongly dependent on the curvature parameter and fixes its value. The KK quarks have approximately the same mass as the inverse curvature and the SD cross section is thus closely tied to the relic density. On the other hand, the σ SI cross section is more dispersed due to the larger variation of the Higgs boson mass.
• In the LHT model, the SD interaction occurs through T-odd quarks which have a small hypercharge. Therefore, the SD cross section in this model is typically very small. In contrast, the SI scattering proceeds through the Higgs and T -odd quarks, giving experimentally accessible SI cross section values. We provide a summary of the SI and SD cross sections by the box and whisker plots in Fig. 13 . The boxes represents the coverage of the middle 50-percentile. We summarize the forecast for observing a signal in neutrino telescopes or the scattering cross sections at future recoil experiments in Table I .
We have also presented model-independent parameterizations of the SI and SD cross sections for DM of arbitrary spins. 
where ∆ q measures the fraction of the spin (s q = 1 2q γγ 5 q) carried by the quark q in the nucleon as in [140] . Isospin symmetry relates ∆ 
For an isolated single proton or neutron, the coefficients λ a are simply
The numerical values [142] for a proton are 
For general cases the estimates of the coefficients are parametrized as
as in the review of Ref. [129] . The quantities S p and S n represent the respective expectation values for the proton and neutron group spin contents in the nucleus. They are very model dependent. Ref. [143] evaluated S p = 0.03, S n = 0.378 for 73 Ge. There is also a multiplicative form factor correction [143] F (Q 2 ) to the scattering amplitude, that can be straightforwardly incorporated. The momentum transfer squared is
with m r the reduced mass, v r the relative velocity of the DM particle and the target nucleus and θ the scattering angle. It is expected that the form factor effects are only relevant for a sizable nucleus. Usually, a strong isospin decomposition is assumed in the parameterization.
The isoscalar and isovector parts are
S(Q 2 ) = a 2 0 S 00 (Q 2 ) + a We use the mUED model to illustrate the structure of the scattering amplitude. The LHT model follows a similar pattern.
The DM vector field B 1 of odd parity couples to the known fermion f and its KK parityodd partner F in the vertex Bf F . The Feynman amplitude for the process B(k, µ)+f (p) → B(ℓ, ν)f (q) is
where µ and ν are the polarization indices. The heavy fermion F of mass M F is exchanged in the s channel (the first term), and in the u channel (the following parenthesis). We take the heavy M F ≫ p, q, ℓ, k limit for which
The 2M F term flips chirality. If the KK mode interaction is chiral, just like the SM, the term 2M F vanishes when chirality projections are added in the amplitude. We use the Chisholm identity,
and add the s and u channels contributions,
Then using the 4-momentum conservation, the Dirac equation of the massless quark limit, and the physical polarization properties, we obtain
The relevant operators in the chirality basis are
(1 ± γ 5 )q] and iǫ
The SD interaction is given by 
